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On the infimum of certain functionals
BIAGIO RICCERI
Here and in what follows, X is a real Banach space, ϕ : X → R is a non-zero continuous linear functional
and ψ : X → R is a non-constant Lipschitzian functional with Lipschitz constant L.
From Proposition 2.1 of [2], we kow that, when L < ‖ϕ‖X∗ , the functional ϕ+ ψ is unbounded below.
When, to the contrary, L ≥ ‖ϕ‖X∗ , this is no longer true. That is, the same functional can be bounded
below. The simplest examples are provided by taking ψ(x) = |ϕ(x)| or ψ(x) = ‖ϕ‖X∗‖x‖ .
The aim of this very short paper is to study the infimum of that functional just when L = ‖ϕ‖X∗ .
So, from now on, we assume that
L = ‖ϕ‖X∗ .
Our basic result is as follows:
THEOREM 1. - Let [a, b] be a closed interval contained in [−1, 1] and let γ : [a, b]→ R be a convex and
lower semicontinuous function.
Then, one has
max
{
inf
x∈X
(ϕ(x) + aψ(x))− γ(a), inf
x∈X
(ϕ(x) + bψ(x))− γ(b)
}
= inf
x∈X
sup
λ∈[a,b]
(ϕ(x) + λψ(x) − γ(λ)) .
Our proof of Theorem 1 is based on the use of the following result (Theorem 5.9 and Remark 5.10 of
[3]):
THEOREM A. - Let S be a topological space, I ⊂ R a compact interval and f : S × I → R a function
which is lower semicontinuous in X and upper semicontinuous and quasi-concave in I. Moreover, assume
that there exists a set D ⊆ I dense in I such that, for each λ ∈ D and r ∈ R, the set
{x ∈ S : f(x, λ) < r}
is connected.
Then, one has
sup
λ∈I
inf
x∈S
f(x, λ) = inf
x∈S
sup
λ∈I
f(x, λ) .
To be able to use Theorem A, we first have to establish the following result:
THEOREM 2. - For each λ ∈]− 1, 1[ and r ∈ R, the set (ϕ+ λψ)−1(]−∞, r]) is a retract of X.
PROOF. First, consider the multifunction G : R→ 2X defined by
G(t) = ϕ−1(]−∞, t])
for all t ∈ R. Let us check that
dH(G(t), G(s)) ≤
|t− s|
‖ϕ‖X∗
. (1)
for all t, s ∈ R, dH being the usual Hausdorff distance. For instance, assume that t < s. Consequently
G(t) ⊆ G(s) . (2)
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Now, fix x ∈ G(s) \G(t). Consequently
t < ϕ(x) ≤ s .
In view of the classical formula giving the distance of a point from a closed hyperplane, we have
dist(x,G(t)) ≤ dist(x, ϕ−1(t)) =
ϕ(x) − t
‖ϕ‖X∗
≤
s− t
‖ϕ‖∗X
.
So
sup
x∈G(s)
dist(x,G(t)) ≤
s− t
‖ϕ‖∗X
which together with (2) gives (1). Now, consider the multifunction F : X → 2X defined by
F (x) = G(r − λψ(x))
for all x ∈ X . For each x, y ∈ X , we have
dH(F (x), F (y)) ≤
1
‖ϕ‖X∗
|λ||ψ(x) − ψ(y)| ≤ |λ|‖x− y‖ .
Hence, since |λ| < 1, F is a multivalued contraction with closed and convex values. Then, in view of [1],
the set Fix(F ) := {x ∈ X : x ∈ F (x)} is a retract of X . To complete the proof, simply observe that
Fix(F ) = (ϕ+ λψ)−1(]−∞, r]). △
Proof of Theorem 1. Consider the function f : [a, b]→ R defined by
f(x, λ) = ϕ(x) + λψ(x) − γ(λ)
for all (x, λ) ∈ X × [a, b]. Clearly, f is continuous in X , while it is upper semicontinuous and concave in
[a, b]. Fix λ ∈]a, b[ and r ∈ R. Of course, we have
{x ∈ X : f(x, λ) < r} =
⋃
s<r
{x ∈ X : f(x, λ) ≤ s} .
On the other hand, by Theorem 2, the sets of the family {{x ∈ X : f(x, λ) ≤ s}}s<r are connected (being
retracts of X) and pairwise non-disjoint. Consequently, the set {x ∈ X : f(x, λ) < r} is connected too.
Therefore, we can apply Theorem A. It ensures that
sup
λ∈[a,b]
inf
x∈X
(ϕ(x) + λψ(x) − γ(λ)) = inf
x∈X
sup
λ∈[a,b]
(ϕ(x) + λψ(x) − γ(λ)) .
Now, observe that, since infx∈X(ϕ(x) + λψ(x)) = −∞ for all λ ∈]− 1, 1[, we have
sup
λ∈[a,b]
inf
x∈X
(ϕ(x) + λψ(x) − γ(λ)) = max
{
inf
x∈X
(ϕ(x) + aψ(x)) − γ(a), inf
x∈X
(ϕ(x) + bψ(x))− γ(b)
}
and the conclusion follows. △
A consequence of Theorem 1 is as follows:
THEOREM 3. - Let [a, b] be a closed interval contained in [−1, 1] and let γ : [a, b]→ R be a continuous
function which is derivable in ]a, b[. Assume that γ′ is strictly increasing in ]a, b[. Set
A =
{
x ∈ X : ψ(x) ≤ inf
]a,b[
γ′
}
,
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B =
{
x ∈ X : ψ(x) ≥ sup
]a,b[
γ′
}
and
C =
{
x ∈ X : inf
]a,b[
γ′ < ψ(x) < sup
]a,b[
γ′
}
.
Finally, denote by η the inverse of the function γ′.
Then, one has
max
{
inf
x∈X
(ϕ(x) + aψ(x)) − γ(a), inf
x∈X
(ϕ(x) + bψ(x))− γ(b)
}
=
min
{
inf
x∈A
(ϕ(x) + aψ(x)) − γ(a), inf
x∈B
(ϕ(x) + bψ(x))− γ(b), inf
x∈C
(ϕ(x) + η(ψ(x))ψ(x) − γ(η(ψ(x))))
}
.
PROOF. Let f be as in the proof of Theorem 1. Fix x ∈ X . Clearly, f(x, ·) is concave in [a, b]. Moreover,
according to the sign of its derivative, the function f(x, ·) is non-increasing (resp. non-decreasing) in [a, b] if
x ∈ A (resp. x ∈ B). If x ∈ C, the derivative of f(x, ·) vanishes at the point η(ψ(x)) and so, by concavity,
such a point is the global maximum of f(x, ·) in [a, b]. Summarizing, we have
sup
λ∈[a,b]
f(x, λ) =


ϕ(x) + aψ(x)− γ(a) if x ∈ A
ϕ(x) + bψ(x)− γ(b) if x ∈ B
ϕ(x) + η(ψ(x))ψ(x) − γ(η(ψ(x))) if x ∈ C ,
and the conclusion clearly follows in view of Theorem 1. △
In turn, applying Theorem 3, we obtain the following result:
THEOREM 4. - We have
max
{
inf
x∈X
(ϕ(x) + ψ(x)), inf
x∈X
(ϕ(x) − ψ(x))
}
= inf
x∈X
(ϕ(x) + |ψ(x)|) (3)
and
lim inf
‖x‖→+∞
(ϕ(x) + |ψ(x)|) = inf
x∈X
(ϕ(x) + |ψ(x)|) . (4)
PROOF. First, we want to prove that
max
{
inf
x∈X
(ϕ(x) + ψ(x)), inf
x∈X
(ϕ(x) − ψ(x))
}
= inf
x∈X
(ϕ(x) + |ψ(x)| + e−|ψ(x)|) . (5)
Consider the function γ : [−1, 1]→ R defined by
γ(λ) =


(1− |λ|) log(1− |λ|) + |λ| if |λ| < 1
1 if |λ| = 1 .
Clearly, γ is continuous in [−1, 1], is derivable in ] − 1, 1[, γ′ is strictly increasing and γ′(] − 1, 1[) = R.
Moreover, η, the inverse of γ′, is given by
η(µ) =


|µ|
µ
(1 − e−|µ|) if µ 6= 0
0 if µ = 0 .
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So, for each x ∈ X \ ψ−1(0), we have
η(ψ(x))ψ(x) − γ(η(ψ(x))) = |ψ(x)|(1 − e−|ψ(x)|)− (−e−|ψ(x)||ψ(x)|+ 1− e−|ψ(x)|) = |ψ(x)| + e−|ψ(x)| − 1 .
Clearly, these equalities hold also if ψ(x) = 0. Consequently, by Theorem 2, after observing that C = X , we
have
max
{
inf
x∈X
(ϕ(x) − ψ(x)) − 1, inf
x∈X
(ϕ(x) + ψ(x)) − 1
}
= inf
x∈X
(ϕ(x) + η(ψ(x))ψ(x)) − γ(η(ψ(x))))
= inf
x∈X
(ϕ(x) + |ψ(x)|+ e−|ψ(x)|)− 1
which yields (5). Since
max
{
inf
x∈X
(ϕ(x) + ψ(x)), inf
x∈X
(ϕ(x) − ψ(x))
}
≤ inf
x∈X
(ϕ(x) + |ψ(x)|) ≤ inf
x∈X
(ϕ(x) + |ψ(x)| + e−|ψ(x)|) ,
from (5), we obtain both (3) and
inf
x∈X
(ϕ(x) + |ψ(x)|) = inf
x∈X
(ϕ(x) + |ψ(x)|+ e−|ψ(x)|) . (6)
Finally, let us prove (4). Arguing by contradiction, assume that
inf
x∈X
(ϕ(x) + |ψ(x)|) < lim inf
‖x‖→+∞
(ϕ(x) + |ψ(x)|) .
Fix ξ satisfying
inf
x∈X
(ϕ(x) + |ψ(x)|) < ξ < lim inf
‖x‖→+∞
(ϕ(x) + |ψ(x)|) . (7)
So, there is some δ > 0 such that
ϕ(x) + |ψ(x)| > ξ (8)
for all x ∈ X satisfying ‖x‖ > δ. Now, in view of (6), we can fix a sequence {xn} in X such that
lim
n→∞
(ϕ(xn) + |ψ(xn)|+ e
−|ψ(xn)|) = inf
x∈X
(ϕ(x) + |ψ(x)|) . (9)
Clearly
lim
n→∞
(ϕ(xn) + |ψ(xn)|) = inf
x∈X
(ϕ(x) + |ψ(x)|) . (10)
In view of (7), there is ν ∈ N such that
ϕ(xn) + |ψ(xn)| < ξ
for all n > ν. Thus, by (8), we have
sup
n>ν
‖xn‖ ≤ δ .
Then, since ψ is Lipschitzian, the sequence {ψ(xn)} is bounded too. But, (9) and (10) imply that
lim
n→∞
e−|ψ(xn)| = 0
which leads to a contradiction. The proof is complete. △
We conclude with a consequence of Theorem 3.
PROPOSITION 1. - Assume that ψ is Gaˆteaux differentiable and that both ϕ and −ϕ do not belong to
ψ′(X).
Then, for every r ∈ R, the functional x→ ϕ(x) + |ψ(x)− r| has no global minima in X.
PROOF. Arguing by contradiction, assume that there is x0 ∈ X such that
ϕ(x0) + |ψ(x0)− r| = inf
x∈X
(ϕ(x) + |ψ(x)− r|) .
Then, by Theorem 3 (applied to ψ − r) , x0 would be a global minimum either of ϕ + ψ or of ϕ − ψ.
Accordingly, we would have either ψ′(x0) = −ϕ or ψ
′(x0) = ϕ, contrary our assumption. △
REMARK 1. - Of course, if ‖ψ′(x)‖X∗ < L for all x ∈ X , then both ϕ and −ϕ do not belong to ψ
′(X).
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